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Abstract
In this paper, the problem formulated in [8] is solved. We prove,
that the group of automorphisms of the category of free associative
algebras is generated by semi-inner and mirror automorphisms.
1 Introduction
The classical algebraic geometry arise from consideration systems of polyno-
mial equations in an affine space P n, where P is arbitrary field. Although
equations solving in algebras in different varieties of algebras Θ was consid-
ered long ago, foundation of the universal algebraic geometry are B. Plotkin’s
scientific works [5-8] where concepts of affine space, algebraic set, algebraic
variety for arbitrary varieties of algebras were introduced.
The basis of this theory is consideration of a point as an element from
Hom(W,X), where W is a free finitely generated algebra, and X is a fixed
algebra in variety of universal algebras Θ. It was found that many problems
in this theory, such as geometric equivalence, geometric similarity, isomor-
phism and equivalence of categories of algebraic sets and varieties depend on
structure of Aut(Θ0) and Aut(End(W )), where Θ0 is the category of algebras
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W = W (X) with the finite X that are free in Θ, and W is a free algebra in
Θ. Structure of Aut(Com−P ))0 (i.e, the classical case) was described in [1].
Also are described Aut(Θ0) for varieties of groups, semigroups, Lie algebras
and some another varieties. For some varieties are described Aut(End(W )),
but these problems are more difficult. In particular, this problem is not
solved even in the classical case of free commutative algebras, i.e. the struc-
ture of Aut(End(P [x1, . . . , xn])) is not describe if n > 2. In all solved cases
groups Aut(End(W )) are generated by semi-inner automorphisms and mirror
automorphism.
In this article we describe Aut(Ass−P )0. When the paper had been fin-
ished, I was informed that a solution of this problem is contained in the forth-
coming paper [4]. Both solutions of this problem are principally different,
and methods of proves are independent. Explicitly I want to note that proof
in the present paper does not use the description of the group Aut(W (x, y)).
It is very important, because structure of the group Aut(W (x1, . . . , xn)) is
not described, when n > 2, but counterexamples show that structures of
Aut(W (x1, . . . , xn)) and Aut(W (x, y)) are principally different. So, methods
presented in the paper may be useful to describe the group Aut(End(Wn))
for n > 2.
2 Definitions
Let (Ass− P )0 = Θ0 be the category of free associative algebras over a field
P with a finite set of generators, and τ ∈ Aut(Θ0). Then there exist a set of
bijections µ = {µi}, i ∈ N of Wi, such that for every s ∈ Hom(Wi,Wj)
sτ = µisµ
−1
j
Here Wk is the free k -generated associative algebra. Automorphism τ which
is representable in the form sτ = µsµ−1 is called quasi-inner. In the category
(Ass − P )0 every automorphism is quasi-inner. Of course, arbitrary set of
substitutions does not generate an automorphism. For category Θ0 we have
three types of bijections µ which generate an automorphism.
1. µ = α, where α is the natural extension of an automorphism α ∈
Aut(P ) on W , i.e. α (
∑
akuk) =
∑
α(ak)uk. We shall write α = α and call
it ”automorphism of field”.Here uk is a product of variables.
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2. µ = η = {ηi}, ηi ∈ Aut(Wi).
Let as recall some definitions for Ass-P. (See [8] for general case)
Definition 2.1 The automorphism τ generated by a set of automorphisms
η = {ηi ∈ Wi} is called inner automorphism .
Definition 2.2 Note, that every α ∈ Aut(P ) belongs to normalizer of sub-
group Aut(Wi) in the group of all bijections of Wi. So, every product of
elements of Aut(P ) and Aut(Wi) my be represented in the form µi = αηi,
α ∈ Aut(P ), ηi ∈ Aut(Wi). Automorphism τ ∈ Aut(Θ
0) generated by µ is
called semi-inner.
3. Now we describe the third type of µ. Let S = S(X) be a free semi-
group. For every u = xi1xi2 . . . xin in S, take u = xin . . . xi2xi1 . Then u → u
is an antiautomorphism of the semigroup S.
Definition 2.3 Let W = W (X) be a free associative algebra. For every its
element ω = λ0 + λ1u1 + · · · + λkuk denote ω = λ0 + λ1u1 + · · · + λkuk.
The transition ω → ω is an antiautomorphism of the algebra W . The set
of these transitions β = {βi : Wi → Wi} generate the automorphism δ ∈
Aut(Θ0), sδ = βsβ−1. We call β mirror antiautomorphism of W and δ
mirror automorphism of Aut(Θ0).
Here δ is not inner and is not semi-inner, but is quasi-inner. Note that
1. δ belongs to the normalizer of subgroup Sinn(Θ0) in Aut(Θ0) that con-
sists of all semi-inner automorphisms;
2. every antiautomorphism of W is a product of the mirror antiautomor-
phism β and an automorphism of W .
3 Almost central algebras
Let W (X) be a free finitely generated algebra in variety Θ.
Definition 3.1 Bijection µ : W (X) 7→ W (X) is called central, if for every
s ∈ End(W (X))
µs = sµ.
Algebra W (X) is called central, if every its central bijection is identical.
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Theorem 1 Let W (X) be a free central algebra and µ some bijection of
W (X) generating an automorphism τ ∈ Aut(End(W (X))). Then µ trans-
forms every base of algebra W (X) to a base of algebra.
Proof. [see 3]
For free algebras in a variety Θ of algebras over field P (Com-P, Ass-P,
and others) we shall correct the definition of central algebra. Clearly, in
every such algebra W (X) we have a bijection µ(u) = au+ b, where a, b ∈ P,
a 6= 0 (linear bijection). This bijection commutate with every endomorphism
of algebra W (X) and, obviously, transforms every base of W (X) to a base.
Definition 3.2 Finitely generated algebra W (X) over field P is called al-
most central, if every its central bijection is linear.
Theorem 2 Free finitely generated commutative and associative algebras are
almost central.
Proof. Let µ be a central bijection of W (X), µ(xi) = ri(x1, x2, . . . , xn) ∈
W (X) , and s ∈ End(W (X), s(x1) = x1, s(xi) = 0 for i = 1. Then
µs(x1) = µ(x1) = r1(x1, x2, . . . , xn),
sµ(x1) = s(r1(x1, x2, . . . , xn)) = r1(x1, 0, . . . , 0) = r(x1).
So r1(x1, x2, . . . , xn) = r(x1) is a polynomial of one variable.
For arbitrary u ∈ W (X) take s ∈ End(W (X)) s(x1) = u, s(xi) = xi for
i > 1. Then
µ(u) = µs(x1) = sµ(x1) = s(r(x1)) = r(u),
and so µ(u) = r(u) = a0 + a1 + · · · + aku
k. Because µ is bijection, so r is
linear, Q.E.D..
Corollary. From the theorems 1 and 2 we have that in mentioned alge-
bras every bijection µ, which generate an automorphism of Aut(End(W (X)))
transforms every base of algebra W (X) to a base of algebra.
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4 The group Aut(Ass− P )0
Now we can formulate the main result of this article (problem 6 in [8]).
Theorem 3 The group Aut(Ass−P )0 is generated by semi-inner and mirror
automorphisms.
Proof. Let τ be an automorphism of Θ0. Then exist a set of bijections
µ = µi, such that for every s ∈ Hom(Wi,Wj) equality s
τ = µjsµ
−1
i holds.
We must prove that µi = α · ηi for every i ∈ N or µi = α · ηi · β for every
i ∈ N. Here α ∈ Aut(P ), ηi ∈ Aut(Wi) and β is mirror.
Let us consider the free 1-generated associative algebra W (x) = P [x],
i.e. the free 1-generated commutative algebra. From the analogous theorem
for Aut(Com − P )0 (see [1]) we have that µ1 = αη1. So, we can consider
µ′ = α−1µ. Then µ′
1
is automorphism of W (x). Clearly, the theorem will be
proved, if we check that µ′ is a set of automorphisms or a set of antiauto-
morphisms of Wi.
Write µ = µ′. Let s ∈ Hom(W1,W2), s : t → f(x, y). It follows from
µ2s = s
τµ1 that µ2 is a morphism of 1-generated subalgebra P (f(x, x)) of
W (x, y) to W (x, y).
Let s ∈ S = Hom(W (x, y),W (t)). Then µ1s = s
τµ2; µ1s(x) = s
τµ2(x),
µ1s(y) = s
τµ2(y), µ1s(x+ y) = s
τµ2(x+ y). Denote µ = µ2. Then
sτ (µ(x+ y)− µ(x)− µ(y) = µ1s((x+ y)− x− y) = 0,
and
µ(x+ y)− µ(x)− µ(y) ∈
⋂
s∈S
Kers = (xy − yx) (1)
Here (xy − yx) is ideal generated by xy − yx. Analogously
µ(x · y)− µ(x) · µ(y) ∈ (xy − yx) (2)
Lemma 4.1 µ(u+ v) = µ(u) + µ(v) for every u, v ∈ W (X).
Proof. Let
∆(x, y) = µ(x+ y)− µ(x)− µ(y) = f(x, y) = g(µ(x), µ(y).
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Last equality holds because by theorem 2 algebra W (X) is almost central.
Note that g(u, v) is homogenous of degree 1. Really,
g(αµ(x), αµ(y)) = g(µ(αx), µ(αy)) =
µ(αx+ αy)− µ(αx)− µ(αy) = α · g(µ(x), µ(y)).
So µ(x+y)−µ(x)−µ(y) = aµ(x)+bµ(y), i.e. µ(x+y) = cµ(x)+dµ(y). Using
endomorphism we have µ(u + v) = cµ(u) + dµ(v) for every u, v ∈ W (X).
Substitutions u = 0 and v = 0 gives that c = d = 1, Q.E.D.
Lemma 4.2 µ(xy) = µ(x)µ(y) + a(xy − yx), where a ∈ P .
Proof. Let ∆(x, y) = µ(xy)−µ(x)·µ(y). Then ∆(x, y) is x and y homogenous
of degree 1. Since ∆(x, y) ∈ (xy−yx) (formula (2)), so ∆(x, y) = a(xy−yx).
Q.E.D.
Lemma 4.3 µ(xy) = µ(y)µ(x) + b(xy − yx), where b ∈ P .
The proof is the same as the proof of the lemma 4.2.
Lemma 4.4 µ(xy) = αµ(x)µ(y) + βµ(y)µ(x), where α, β ∈ P .
Proof. It follows from lemma 4.2 and lemma 4.3 that
(b− a)µ(xy) = bµ(x)µ(y)− aµ(y)µ(x)
If a = b, then from lemma 4.2 and lemma 4.3 we get equality µ(x)µ(y) =
µ(y)µ(x) which easy leads to contradiction. So we can take α = b
b−a
and
β = −a
b−a
and get required equality.
Corollary. For every u, v ∈ W (x, y)
µ(uv) = αµ(u)µ(v) + βµ(v)µ(u) (3)
Lemma 4.5 µ(uv) = µ(u)µ(v) for every u, v ∈ W (x, y) or
µ(uv) = µ(v)µ(u) for every u, v ∈ W (x, y).
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Proof. Let u, v be elements of W (x, y), such that µ(u) = x and µ(v) = y.
Let us denote µ(r) = r. Then
µ(uuv) = αuu · v + βv · uu = αxxy + βyxx,
µ(uuv) = αu · uv + βuv · u = α2xxy + 2αβxyx+ β2yxx.
Therefore α2 = α, αβ = 0, β2 = β. Because the case α = β = 0 is impossible,
we have two solutions:
1. β = 0, α = 1, then µ(uv) = µ(u)µ(v);
2. β = 1, α = 0, then µ(uv) = µ(v)µ(u).
It follows from µ(αu) = αµ(u), lemma 4.1 and lemma 4.5 that µ is
an automorphism or antiautomorphism of W (x, y). Using endomorphisms
s ∈ Hom(W2,Wn) it is easy to check that µn also is an automorphism or
antiautomorphism. The theorem is proved.
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